abstract: In this paper, we examine the existence of entropy solutions for some nonlinear p(x)−elliptic equation of the type:
Introduction
Let Ω be a bounded open subset of IR N , (N > 2). Boccardo has studied in [13] the existence of entropy solutions for the problem:
−div a(x, u, ∇u) = f − div φ(u) in Ω, u = 0 on ∂Ω,
where f ∈ L 1 (Ω) and φ(·) ∈ (C 0 (IR, IR N ), no growth hypothesis is assumed on φ(·), hence the term div φ(u) may be meaningless, even as a distribution for u ∈ W Boccardo, Giachetti, Diaz and Murat have studied in [14] the following nonlinear elliptic problem −div a(x, u, ∇u) − div φ(u) + g(x, u) = f in Ω, u = 0 on ∂Ω, (1.2) where g(x, ·) satisfying some growth and sign conditions and f ∈ W −1,p ′ (Ω). they proved the existence of renormalized solutions and some regularity results, (see also. [6, 12, 16] ). Aharouch and Bennouna [3] have studied the quasilinear unilateral problems of the type:
−div (a(x, ∇u)) = f in Ω, u = 0 on ∂Ω,
where f ∈ L 1 (Ω). They have proved the existence and uniqueness of solutions in the framework of Orlicz spaces W 1 0 L M (Ω) without any restriction on the N −function M of the Orlicz spaces, (see also [10, 11] ).
In [20] , Porretta has proved the existence of solutions for the strongly nonlinear elliptic problem:
−div a(x, u, ∇u) + H(x, u, ∇u) = µ in Ω, u = 0 on ∂Ω, (1.4) with H(x, u, ∇u) satisfying some growth condition without any sign condition, and the data µ is a nonnegative bounded Radon measure on Ω. Recently, variable exponent Sobolev spaces have attracted an increasing attention of many researchers, the impulse for this mainly comes from their applications in various fields, as in image processing (underline the borders and eliminate the noise) and electro-rheological fluids (see for example: [15, 21] ). In [9] , Bendahmane and Wittbold have proved the existence and uniqueness of a renormalized solution to the nonlinear elliptic equation:
−div |∇u| p(x)−2 ∇u = f in Ω, u = 0 on ∂Ω, (1.5) where the right-hand side f ∈ L 1 (Ω) , the exponent p(·) : Ω → (1, +∞) is continuous. Sanchón and Urbano have studied in [22] the quasilinear elliptic problem:
with f ∈ L 1 (Ω). They have proved the existence and uniqueness of renormalized solution. Moreover, they have shown some regularity results. For other interesting existence and regularity results, we refer to [1, 2, 4] .
In this paper, we consider the strongly nonlinear p(x)−elliptic problem:
Existence of Entropy solutions for some nonlinear . . .
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where φ(·) ∈ (C 0 ( IR)) N , the right-hand side is assumed to satisfy f ∈ L 1 (Ω) and
N . This paper is organized as follows: We introduce in the section 2 some assumptions on a(x, s, ξ) and H(x, s, ξ) and some important lemmas useful to prove our main result. The section 3 will be devoted to show the existence of entropy solutions for our problem (1.6). In the section 4, we prove that entropy solutions are also renormalized solutions, and we give an example.
Essential assumptions and some technical Lemmas
Let Ω be a bounded open subset of IR N (N ≥ 2), we say that a real-valued continuous function p(.) is log-Hölder continuous in Ω if
with possible different constant C. We denote
We define the Lebesgue space with variable exponent L p(·) (Ω) as the set of all measurable functions u : Ω → IR for which the convex modular:
) is a separable and reflexive Banach space, and its dual space is isomorphic to
The generalized Hölder type inequality:
. The Sobolev space with variable exponent W 1,p(·) (Ω) is defined by:
which is a Banach space equipped with the following norm:
) is a separable and reflexive Banach space. We de-
. For more details on variable exponent Lebesgue and Sobolev spaces, we refer the reader to [5, 9] and [17] .
Remark 2.1. Recall that the definition of these spaces requires only the measurability of p(·), while the Poincaré and the Sobolev-Poincaré inequality are proved for p(·) log-Hölder continuous, (see [17, 19] ).
where a : Ω × IR × IR N → IR is a Carathéodory function satisfying the following conditions: 
. The aim of this paper is to study the existence of solutions for the strongly nonlinear p(x)−elliptic problem:
where
In order to prove our main result, we will require the following lemmas :
Lemma 2.3. (see [23] ). Let Ω be a bounded open subset of
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Lemma 2.4. (see [5] ) Assuming that (2.3) − (2.5) hold and let
(Ω) and
(Ω) for a subsequence.
Main results

Definition 3.1. A function u is called an entropy solution of the strongly non-
and
, then the problem (2.7) has at least one entropy solution.
Proof of Theorem 3.2
Step 1: Approximate problems Let (f n ) n∈I N be a sequence of smooth functions such that f n → f in L 1 (Ω) and |f n | ≤ |f |. We consider the approximate problem
with φ n (s) = φ(T n (s)) and H n (x, s, ξ) = T n (H(x, s, ξ)), In view of [5] there exists at least one weak solution
(Ω) of the problem (3.2).
Step 2: A priori estimates Let n be large enough (n ≥ k), we define
(Ω).
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Using (2.6), we have
and using of Young's inequality, we have
Therefore, thanks to (2.4) we obtain
since e B(|un|) ≥ 1, we conclude that
39
We set
In view of the Lemma 2.3, we obtain
(3.6) Thus, in view of (3.5), we obtain
with C 5 is a constant that does not depend on n and k. According to the Poincaré's inequality and (3.7), we have
Using the same argument in ( [22] , Proposition 5.1), we can prove that (u n ) n is a Cauchy sequence in measure, then there exists a subsequence still denoted (u n ) n such that u n → u a.e. in Ω, we conclude that
(Ω) and a.e. in Ω. (3.9)
Step 3 : Strong convergence of truncations. In the sequel, we denote by ε i (n), i = 1, 2, . . . various real-valued functions of real variables that converge to 0 as n tends to infinity.
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Let h > k > 0 and b k := max{b(s) : |s| ≤ k}, we define ϕ k (s) = s exp(γs 2 ) with
Taking ϕ k (ω n )e B(|un|) as a test function in (3.2), we obtain
Since ϕ k (ω n ) has the same sign as u n on the set {|u n | > k} and using (2.4), we get
Also, using (2.4), (2.6) and Young's inequality, we obtain
In addition,
We have ω n = T k (u n ) − T k (u) on {|u n | ≤ k}, and ∇ω n = 0 on {|u n | > M }. Thus, using (3.1) − (3.1) we obtain
Concerning the second term on the left-hand side of (3.1) and denoting
Then, in view of (3.1), we obtain
Now, we will study each term on the left-hand side of (3.20).
First estimate :
For the second term on the right-hand side of (3.21), we have
Applying the Lebesgue dominated convergence theorem, we have
22)
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as n → ∞. Concerning the last term on the right-hand side of (3.21), similarly to (3.18) , it is easy to see
(3.24) Second estimate :
For the second term on the right-hand side of (3.20), we have
Similarly to (3.22), we prove that
(3.26) For the last term on right-hand side of (3.25), the sequence (a(x,
N , and using the fact that
and since 0 < k ≤ h, then
By combining (3.25) − (3.27), we deduce that
where y n = (x, T k (u n ), ∇T k (u n )). Using the fact e B(|un|) ≥ 1, the relations (3.20), (3.24) and (3.28) allows us to write
For the third term of equation (3.29), we have
For the first term on the right-hand side of (3.30), since
as n tend to infinity.
In view of Lemma 2.3, we obtain
Concerning the second term on the right-hand side of (3.30), we have
(3.32)
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It's clear that
(3.33) Concerning the second term of the right-hand side of (3.32), we set
(Ω)) N , and in view of Lemma 2.3, we find
As a result
as n and h tend to infinity, then
(3.37) Also, we show (see Appendix) that
By combining (3.29) and (3.36) − (3.38) and letting h tend to infinity, we get
In view of Lemma 2.4, we deduce that
(Ω), ∇u n −→ ∇u a.e. in Ω. (3.39)
Step 4 : The equi-integrability of H n (x, u n , ∇u n ) In order to pass to the limit in the approximate problems, we shall show that H n (x, u n , ∇u n ) tends to H(x, u, ∇u) strongly in L 1 (Ω). By using Vitali's theorem, it suffices to prove that H n (x, u n , ∇u n ) is uniformly equi-integrable. By taking T 1 (u n − T h (u n ))e B(|un|) as a test function in (3.2), according to (2.4) and (2.6), we obtain
(Ω)) N . In view of Lemma 2.3, we have
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Moreover, using Young's inequality, we have
Thus, we conclude that
with b(·) ∈ L ∞ (IR). Therefore, for any η > 0, there exists h(η) > 0 such that
For any measurable subset E ⊆ Ω, we have
In view of (3.39), there exists λ(η) > 0 such that
Finally, by combining (3.45), (3.46) and (3.47), one easily has
Using (2.6), we deduce that (H n (x, u n , ∇u n )) n is equi-integrable, and in view of Vitali's theorem, we conclude that Step 5 : Passage to the limit
(3.50)
For the first term on the left-hand side of the above relation, we have in Ω, u = 0 on ∂Ω, (4.12)
has at least one entropy solution u ∈ T 1,p(x) 0
(Ω) for any f ∈ L 1 (Ω). Moreover, the solution u is also a renormalized solution for our problem.
Appendix
We will prove that (5.2) By taking ϕ k (T 2k (u n − T h (u n )))e B(|un|) as a test function in (3.2) and in view of (2.4) and (2.6), we obtain
Using the Lemma 2.3, we can prove that Ω φ n (u n ) · ∇ ϕ k (T 2k (u n − T h (u n )))e B(|un|) dx = 0,
